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Abstract. We confirm a conjecture of Merel describing a certain relation 
between the jacobians of various quotients of X(p) in terms of specific corre- 
spondences. 



1. Introduction 

Let X = X(p)/Q be the modular curve which classifies elliptic curves with full 
level p-structure. The curve X has an action of GL2(F p ) defined over Q and for 
every subgroup H of G, there is a quotient tth ■ X — > Xh which is also defined 
over Q. 

The subject of this paper concerns a relation between the jacobians of Xh for 
certain subgroups H of G. This relation was verified in [4] [5] using the trace 
formula, and later by Edixhoven [10] using the representation theory of G. It has 
been noted in way or another by several people including Gross [15], Ligozat [21], 
Elkies [7]. 

To describe this relation, suppose now that p is an odd prime and denote by 
Jh the jacobian of the quotient curve Xh- The group G also acts on P 1 (F p 2) = 
P 1 (F p [VA]), where (-|) = —1, from which we define subgroups B, N, N' as the 

stabilisers in G of oo, {oo,0}, {vA, — VA}, respectively. The relation of jacobians 
which concerns us is then 

Theorem 1 (Chen, Edixhoven). 

Jn> x Jb is isogenous over Q to J/v x Jg 

where we have included Jg (which is trivial in this case) to indicate the form of the 
relation in contexts other than jacobians. 

The results in [4] [5] and [10] only show the existence of the relation of jacobians 
in Theorem 1 and leave open the question of describing this isogeny explicitly. 
Subsequently, Merel conjectured in [8] [24] an explicit description of this relation 
in terms of certain natural correspondences. 

This paper will confirm Merel's conjectural description (Theorem 2). To explain 
this description, we introduce some terminology. A sequence 

■ 4>i-i , 4>i , 
■ ■ ■ > Ai-i > Ai > A l+ i > . . . 



will be called almost-exact if the kernel of each morphism (f>i contains the image of 
its predecessor 4>i-\ with finite quotient 3>(j4j). Using this terminology, Theorem 1 
can be rephrased as 
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Theorem 1 (reformulation). There exist homomorphisms of abelian varieties 
(4>gb, 4>bn, (f>NN') defined over Q such that 

(!) o > j g j b -^U j n Jtazu J N , > 

is almost- exact. 

For H C K subgroups of G, the universal property of quotients gives a unique 
map tth/k '■ Xk — * Xh- Given a quotient tth '■ X — > Xh, wc denote by tt h : Jh — > 
J and : J — > Jh the homomorphisms of abelian varieties which are induced by 
Picard and Albanese functoriality. Since G acts on X, there is an action of G on J 
by Albanese functoriality so that an element of 1\G] yields an endomorphism of J 
defined over Q. 

Let C and C' are the stabilisers in G of (oo,0) and (y/\,—\/X), respectively. 
Then N = C U luC and N' = C' U u'C arc the normalisers in G of C and C', 
respectively, where 



u> = 



iv = 



1 

1 

1 

-1 



With the above comments in mind, the conjectural description of the relation of 
jacobians in Theorem 1 alluded to earlier [8] [24] which will be proved in this paper 
is the following. 

Theorem 2 (MereF s conjecture). A choice of {^gb^bNt^nn 1 ) in Theorem 1 is 
given by 



(2) (4>GB,4>BN,4>NN>) 

= Og* ott^ttjv* o \G\ (1 - pr G )(l +u) ott* b , 



p + l 



O 7TJV'* O TT%). 



where for a subgroup H of G, we let pr H = jjjj ^2 heH h G Q[G] be the projector to 
the H -invariants. 

We note that these choices of (4>gb, 4>bn,4>nn>) are not optimal. For instance, 
we may replace 4>nn' by the simpler homomorphism ttn'* ^% and still retain 
almost-exactness. We have chosen these particular homomorphisms, which are 
multiples of the ones conjectured by Merel, because they are the choices which are 
induced by natural operators coming from representation theory (see Lemma 6.5). 

The method of proof involves reducing the almost-exactness of the above se- 
quence of jacobians to the exactness of an associated sequence of C[G]-modules, 
where the C[G]-module homomorphisms in the sequence are given by certain dou- 
ble coset operators. An easy application of character theory shows that this se- 
quence of C[G]-modules is exact if and only if one can show certain character sums 
involving the number of points on a non-trivial family of elliptic curves modulo p 
are non-zero. Although these character sums seem rather intractable, we exhibit 
some relations between double coset operators which allow one to simplify them to 
Legendre character sums [11] [27] and Soto-Andrade sums [18] [30]. Having done 
so, we show that they are non-zero by using the fact that p does not ramify in the 
cyclotomic fields generated by these character sums. 
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The appearance of Legendre character sums and Soto-Andrade sums is sugges- 
tive. It is known that natural descriptions of the representations of SL2(F p ) induced 
from Borel subgroups are described in terms of finite field analogues of hypergeo- 
metric functions [13] [14], following indications in [16] [20]. These finite field hyper- 
geometric functions are in turn related to Legendre character sums [27] in a manner 
similar to the relation between hypergeometric functions and Legendre polynomials 
in the classical case. Similarly, Soto-Andrade sums appear in the analysis of the 
representations which are induced from non-split Cartan subgroups [30]. 

The relation of jacobians in Theorem 1 has connections to a question of Serre 
[28] which asks whether there are only finitely-many primes p for which there exists 
a non-CM elliptic curve over Q whose the mod p representation is non-surjective. 
Indeed, if the mod p representation of an elliptic curve over Q is non-surjective, 
then it has image lying in a maximal proper subgroup of G, i.e. a conjugate of 
B, TV, A', or an exceptional group whose projective image is S4 (the groups A4 
and A$ do not occur due to properties of the Weil pairing). However, such elliptic 
curves are essentially classified by the quotient curves Xb, Xn, Xn>, X$ 4 [9] so 
that such an elliptic curve gives rise to a Q-rational point on one of these curves. 
The question can therefore be rephrased as whether there are only finitely-many 
primes p such that the quotient curves Xb, Xn, Xn>, As 4 have a non-cuspidal, 
non-CM Q-rational point. 

Mazur has answered the question in the affirmative for the modular curve Xb — q 
X (p) [23]. Indeed it is shown that for p > 163, the only Q-rational points on A (p) 
are cuspidal. In [22, p. 36], it is noted that Serre has shown that X$ 4 has no Q- 
rational points for p > 13. Momose has obtained some partial results for the 
modular curve Xn [25], in particular when Jo(p)~ has rank 0. 

For the quotient curve X^>, the relation of jacobians in Theorem 1 suggests that 
obtaining information about the Q-rational points of the curve Xn> via its jacobian 
is difficult [5] since by standard conjectures about L-functions of abelian varieties 
over Q [31], this abelian variety does not have any non-trivial quotients with finite 
Mordcll-Weil group over Q. 

Serre's question enters into the analysis of diophantine problems similar to Fer- 
mat's Last Theorem [24], [26], [8]. However, in these contexts, the elliptic curves in 
question have extra level structure. This fact was used in [8] to give a solution of 
Denes' conjecture by considering a variant of the relation of jacobians in Theorem 1 
[7]- 

We remark that Edixhoven's proof [10] indicates a general phenomenon that 
relations between jacobians of quotients of a curve arise from relations between 
idempotents in the group ring associated to the automorphism group of the curve. 
Indeed, as a general fact, this was already recorded in [17] following work of Accola 
[1] [2]. We note that an equivalent formulation in terms of character identities is 
also given in [17]. 

In the case of Theorem 1, the relevant idempotent relation which was proved by 
Edixhoven [10] using the character table of G is 

Theorem 3 (Edixhoven). 

(pr^, +pr B )(l - pr G ) is Q[G] X -conjugate to pr N (l - pr G ). 

This is equivalent using Frobenius reciprocity to the character identity 
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Theorem 4. 

l;v + Is = l;v + 1g, 

where Ir denotes the character of the permutation representation Q[G/H] asso- 
ciated to H (i.e. the trivial representation over Q of H induced to G). We note 
that Arsenault has subsequently given a direct calculation of the above character 
identity in his thesis [3]. 

Although it is not too difficult to show the existence of the above idempotent 
relation via character theory, Merel's conjecture is in some sense a step towards 
understanding why this relation exists in an explicit way. 
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3. Reduction to representation theory 

In this section, we show how the almost-exactness of a sequence of jacobians 
such as the one in Theorem 1 and 2 can be deduced from the almost-exactness of 
an associated sequence of Z[G]-modules. 

The action of G on the abelian group J(C) by Albanese functoriality allows one 
to regard J(C) as a Z[G]-module. For any subgroup K of G, we then have the 
identifications J(C) K = Hom z[K] (1, J) = Rom z[G] (Z[G / K], J(C)) by Frobcnius 
reciprocity. 

Let C be a curve defined over Q. Its jacobian is also defined over Q. Denote by 
Pic°(G)(Q) the Z- module of divisors modulo linear equivalence which are defined 
over Q. By Abel-Jacobi, Pic°(C)(Q) can be identified with J(G)(Q) in a way 
which is compatible with the action of Gq [19] [32]. The multiplication by [n] 
homomorphism on J is described on divisors by sending a divisor class D to nD. 
In particular, since [n] is an isogeny on J, it follows for every divisor class D, there 
exists a divisor class D' such that nD' <~ D. 

Let X, Y be curves defined over Q and suppose it : X — > Y is a non-constant 
map, also defined over Q. The homomorphisms of jacobians 7r* : J(Y) — ► J(X) 
and 7T, : J(X) — ► J(Y) induced by Picard and Albanese functoriality, respectively, 
arc defined over Q. Moreover, on the level of divisors, they can be described 
as follows. The homomorphism ir* sends a divisor D = J2 y eY a yU on ^ *° ^ s 
pullback divisor ir*(D) = J2 y eY Sxgtt-Mj/) a y e T,x x on A where e^ iX denotes the 
ramification index of x with respect to the map ir. The homomorphism ir* sends 
a divisor D — ^2 xeX a ^ x 011 X t° its push-down divisor tt*(D) = ^2 xeX ctx^{x). 
The above implies for instance that 71% o it* — [deg(7r)]. These descriptions follow 
from the theory of correspondences [29] [32] [19]. 

We begin with two lemmas which concern the subgroup variety of J on which H 
acts trivially and the image of the jacobian Jh under the morphism n^. 
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Lemma 3.1. Let J H = n^eij kcr(/i — 1). Let Eg : J ^> J be the morphism 
Sif : x i ► ^2ueH h x - Then the connected component of the identity, J H , is 
an abelian subvariety of J which is equal to im an , and the group of connected 
components of J H is killed by \H\. 

Proof. The image im E# is an abelian subvariety of J. On C-points, we have that 
J H (C) — J(C) H , and imS^r C J H °(C) (since it lies in J H (C), is connected, and 
contains the identity). Furthermore, the morphism when restricted to J H (C) 
is multiplication by \H\ so the image imS H contains J H °(C). This also shows that 
| if | kills the group of connected components of J H . □ 

Lemma 3.2. Let tth ■ X — > Xh be the quotient map. Then im7r^ is contained in 
J H and the morphisms 

TTfj : Jh — ► J H C J 
t:h* ■ J H C J — > Jh 
are isogenics with kernel killed by \H\. 

Proof. For h € H, we see that tth ° h = tth- Hence, by Picard functoriality, 
h* o n H — n H . Since h* o h* = [deg(ft)] = 1, it follows that n H = /i* o ir H so that 
H acts trivially on im tt h and hence im ir H C J H . 

We therefore have the following sequence of morphisms. 

J *H jH° , J 

Jh > ^ > Ji? 

jH° ^h, ; ^ s jH° 

Since 7th * o ^ = [dcg(7r#)] = we see that ir H is surjective and ith* has 

finite kernel. The morphism tt h o 7r# „ when restricted to J H ° is also multiplication 
by \H\ so that tth* is surjective and tv h has finite kernel. Indeed, given a point 
P € J H °(C) C J(C) H , P corresponds to a divisor class D which is invariant under 
the action of H. Thus, it* o tt^(D) ~ £> as desired. □ 

The starting point for reducing Theorem 1 and 2 to a question in representation 
theory stems from the following lemma. 

Lemma 3.3. Let a : Z[G/H'] — > Z[G/H] be a 7L\G\-module homomorphism. Then 
a induces a homomorphism of abelian varieties <f> : Jh — > Jw which is defined over 



Proof. By Lemma 3.2, H acts trivially on ini7r^. Thus, cr(H') gives a well-defined 
morphism im7r^ —> J. The desired morphism is then given by <f) = * ° °~(H') ° 

Indeed, it will be shown in Proposition 3.7 that an almost-exact sequence of 
Z[G]-modules 

. . . < Z[G/fTi_i] nG /Hi] Z[G/H i+1 ] < . . . 



induces an almost-exact sequence of jacobians 
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Note that this immediately gives Theorem 1 since the character relation in Propo- 
sition 4 implies there exists an exact sequence of Q[G]-modules 



i Q[G/G] < Q[G/B] < Q[G/N] < Q[G/N'] < 

and hence an almost-exact sequence of Z[G] -modules 
(3) 

< Z[G/G] < Z[G/B] < Z[G/N] < Z[G/N'] < 0. 

To prove Proposition 3.7, we first establish some lemmas. 
Lemma 3.4. Suppose we have an almost-exact sequence of Z[G] -modules 

(4) ... , Mj_i <-^L_ Mi <-2_ Mi+1 < ... 

For any Z[G]-module M, the sequence obtained by taking Hom z r G i(-,M) is almost- 
exact. Furthermore, #$(Hom Z [ G j {Mi, M)) < #<&(Mj) • #»(Mj_i, im<7i_i), where 
n{V,W) for W <ZV Z[G]-modules is a quantity to be explained below. 

Proof. This essentially follows from the semi-simplicity of Q[G]-modules. Consider 
the sequence induced by Hom Z [ G ](-, M) 

(5) Hom z[G] (Mi_i,M) Hom z[G] (Mi, M) Hom z[G] (M i+ i, M) 

Since o~i-\ 0^ = 0, it follows that fa o = 0. Hence, ker^j D im^>j_i. 

Suppose W C V are Z[G]-modules. By semi-simplicity of Q[G]-modules, V&Q = 
W <g> Q 8 W for some complementary Q[G] -module W. Put VK 1 - = W (IV. Let 
»(V, W) be the quotient and pr w the projection to W from W © Vt^. 

Put n = #$(Mi), m = #)j(M i _i,im(T i _i) and let / e ker</>j. We claim that 
mn- f G im fa-\. Since / G ker fa, n- f G ker fa so that imci C kern-/. Since n kills 
$(Mj), it follows that in fact ker cr, C kern-/. Therefore, there exists a Z[G]-module 
homomorphism g : imc7i_i — > M such that n - f = go <Ji-\. One can extend g to a 
Z[G]-module homomorphism g on all of by defining g(x) = gopr imcr ._ i (ma:). 

Moreover, we see that <? o <7j_i = mn ■ f so that fa-i{g) = mn ■ f . □ 

Lemma 3.5. Let a : Z\G/H'\ — > Z[G/H] be a Z[G]-module homomorphism. Let 
fa : J(C) H — > J(C) H be the Z[G]-module homomorphism induced by a via the 
identification J{C) K = Hom Z [ G ](Z[G/if], J(C)). T/ien we have a commutative 
diagram 

Jh{Q — J^(C) 

(6) 

j(Q" — *— > J(C) ff ' 
w/iere </> is i/ie morphism induced by a in the previous lemma. 

Proof. It suffices to show as elements of Hom Z [ G ] ( J{C) H , J{C) H ), we have the 
equality fa — a{H'). The correspondence between J{C) H and Hom z r G i(Z[G/-fT], J(C)) 
is such that i h (/ : j h gx). The Z[G]-module homomorphism which a induces 
sends / to f oa. Finally, the correspondence between Hom Z [ G ] {Z[G/H'\, J(C)) and 
J{C) H ' is such that / o a is sent to / o a{H') = a{H')x. □ 
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Lemma 3.6. A sequence of abelian varieties over C 

(7) ... ► Ji-i > Ji ► Jj+i ► . . . 

zs almost-exact if and only if the associated sequence of "L-modules 

(8) ... ► Ji_i(C) ► Ji(C) ► Ji+i(C) ► ... 

is almost-exact. Furthermore, #$(Jj)(C) = #$(Ji(C)). 

Proof. Morphisms between varieties over C are determined uniquely on C-points. 

□ 

Proposition 3.7. Suppose the sequence of Z[G]- modules 

. . . < Z[G/iTi_i] <-^- Z[G/Hi] Z[G/H i+1 ] < . . . 

is almost-exact. Then the induced sequence of abelian varieties 

T 4>i-l j <f>i T 



Hi-! > ■JHi > J H i+1 

is almost-exact. Furthermore, we have 

HI) * toWG/H^M*^) • #ker^ +1 , 

•|^|.#cokcr7r^.#- 



ker7Tr 



ker7r^. fl im^i^i 
Proof. The almost-exact sequence 

. . . < Z[G/iTi_i] <-^- Z[G/iTi] Z[G/ff i+1 ] < . . . 



induces by Lemma 3.4 an almost-exact sequence 

... ► J(C)^- 1 J(C) H * — J(C) H ^ > . 

where #$(J(C)^) < #$(Z[G/ff<]) • #T](Z[G/Hi-i], ima^i). 
By Lemma 3.5, we have a commutative diagram 

^_i(C) Jh s (Q — J Hi+1 (Q 



j(C)^- j(C)^ j(c)^ -J^ j(c)^. 

It is easily seen that faofa-i — using the fact that </>-o^_ 1 = and 7r^ . o7Tff 4 # is 
multiplication by deg^^ ) = | when restricted to the subgroup variety J Hi (C) = 
J(C) Hi , so the image of 4>\_\ is sent into itself under this morphism. 

We next show the relation between #$(J ffi (C)) and #$(J(C) Hi ). To begin 
with, note that 

Tr^(ker^) ^ kcr^ 



7r^.(im</>j_i) kcr^n (im</>;_i +ker7T^.) 
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so that 



#* ( j ff;( c)) = #^ = # :y c ^\ • # kcr0tn(im t i+kcr ^ ) 

im0j_i 7r^.(im0j_i) im0j_i 

_ _^ 7r^. (kcr 4>i) im + ker 7r^. 

7r^.(im^_i) im^j_i 

Tr^(kcr^) kerTr^. 
- # _* / \ • #i 



■k* h . (im0j_i) ker 7r^-. fl im<^s_i 

where the second last equality follows from the fact that An (S + C) = AoB+AnC 
ii B C A, im0i_i C kcr</>i, and ker7r|^. C ker^. 
By the commutative diagram, we see that 

7r^.(ker0i) = kerw H * +1 ° <$>\ 

w* H . (im = \m[\Hi\] o o 7 r^._ i . 



Now, we have 



kcr tth» o 6\ 
im[\Hi\]o<j)' 



This yields 



7rTr (ker 4) kerS 
# , \ = # ■ n ffn ' , ' #kcr7r H; • #cokcr^ r 



Since 



^ kCr 0i = kCT ^ . Ijy , 

im[|H i |]o^_ 1 im^ 



we obtain finally that 

#$(J gi (C)) , kerTT^ 

— — : — „ , < #kcr7r g » • Lh, • #cokcr7r w . ■ #- — . 

#$(J(C) H ~ * +1 ker7r H 4 nim^_i 

The result then follows from Lemma 3.6 and 3.2. □ 

4. Double cosets 

In this section, an explicit description of the Z[G]-modules homomorphisms be- 
tween two induced representations 1\G/ H] and Z[H/K] is given in terms of double 
cosets. This will be used to describe Z[G]-modules homomorphisms which induce 
the homomorphisms ((j>GB,4 l BN,(f>NN') via Lemma 3.2. 

Let H,K be subgroups of G. Suppose we have a Z[G]-module homomorphism 
4> : Z[G/H] — > Z[G/K]. Then <f> is determined by its value on the coset H since 
4>{gH) = g<j>(H). Moreover, for all h e H we have h(f)(H) = <j>(hH) = <f>(H) so the 
element 4>(H) e Z[G/K] is invariant under multiplication on the left by h. 

Conversely, suppose we are given an element a of Z[G/K] which is invariant 
under multiplication on the left by elements in H. Then one can define a Z[G]- 
module homomorphism <f> : Z[G/H] — > Z[G/K) such that 4>(H) = a. Indeed, define 
4>{gH) — ga. This is well-defined on right iJ-cosets because a is invariant on 
the left by multiplication by elements in H. The desired map is then obtained by 
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extending this Z- linearly to all of Z[G/ H] . By its very definition, it is a Z[G]-modulc 
homomorphism. 

Lemma 4.1. 

HgK = |J agK 

aeH/H g 

where H g = H n gKg^ 1 and the union is disjoint. We call [H : H g ] the degree of 
HgK. 

Proof. Since 

H= |J aH g 

aEH/Hg 

we have 

HgK = |J aH g9 K 

aEH/Hg 

= (J a 9 K - 

aeH/Hg 

If agK = a'gK, then ag € a'g-ftT and hence a e a'_ff g . □ 

There is a distinguished class of Z[G]-module homomorphisms from Z[G/H] 
to 1\G/K\ : for each double coset HgK where g <G G, define <j>(HgK)(H) = 
HgK, where the double coset HgK is considered as an element of 7L\GjK\ by 
decomposing it into right X-coscts. This yields a Z[G]-module homomorphism 
4>{HgK) : Z[G/H] -» Z[G/K] as above. 

Lemma 4.2. Let H,K be subgroups of G. Then as Z-modules 

6 : Z[H\G/K] = Hom z[G] (Z[G/tf],Z[G/iT]). 

Proof. Let be a complete set of inequivalent representatives for H\G/K. It is 
clear that is injective since 0(X) s en a g^9^) = means that X) 9 en ct g HgK = 
as an element of Z[G/K]. This occurs if and only if a g = for all g e fi. 

A Z[G]-module homomorphism 9 : 1\G/H\ — » Z[G/if] is determined by its 
value on the coset i/. Since Q(H) is an element in Z[G/if] which is invariant 
under multiplication by elements in H , we can write Q(H) = X) 9 eo oi g HgK . We 
then see that 9 = X^en a g®(HgK). This shows 9 is surjective. □ 

We call elements of 1\H\G/K\ operators and by convention denote their action 
from the left. This causes the slight annoyance that HK x KH = KHoHK. We will 
also omit 9 when considering an operator as an element of Hom Z [ G ] (Z[G/_ff], Z[G/K]) 

In the case H = K, End Z [ G j (Z[G/_ff]) is not just a Z-module but also a ring 
with unit. Thus 9 gives a ring structure on Z[H\G/H]. This ring structure can 
be described explictly and developed purely in terms of Z[H\G/H] (c.f. [29] and 
below). Finally, we remark that Z[H\G/H] is also nothing other than the Hcckc 
algebra H(G,H) with trivial character which arises in representation theory [6], 
though it is used in a different context there. 
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More generally, the Z-linear multiplication 

Rom z[G] (Z[G/H},Z[G/K]) x Hom z[G] (Z[G/^], Z[G/M]) 

-»Hom z[G] (Z[G/fl],Z[G/M]) 

(/, g)^ 9°f 

induces via 9 a Z-linear multiplication 

Z[H\G/K] x 1[K\G/M] -» Z[ff\G/M]. 

It is easy to describe this multiplication via 9. For example, suppose 

HaK = Ll a ^n a aaK 
KbM = U 0eQb (3bM. 

Then 

HaK x KbM = aa P bM = H lg H 9 M - 

here Q is a complete set of inequivalent representatives for H\G/M. Note that -f g 
is easily calculated to be 

lg = # {aa/36 G if 9 M} / deg(ff 3 M) 

(compare with the formula given in [29]). In our context, all groups are finite so 
this can be alternatively described as 

„ r ^ deg(KbM) ^ dcg{HaK) „,,„, 

HaK x KbM = B ; . ^ > - f; r , , '. HakbM. 

\K\ deg(HakbM) 

5. Decomposition into irreducibles 

In this section, we briefly review the representation theory of G and decompose 
the induced representations C[G/G], C[G/B], C[G/N], C[G/N'}. This material is 
standard and can be found in [12] for instance. 

The set of conjugacy classes G(G) of G can be described by breaking it into four 
types 



C(G)={[fc*=(o °)]|*GF*}[J 



[b x = 



x V 




= (q J)] | (*,») G F p x xFp - A and fry) ~ |J 

| [ 7xiW = ^ A ^ ] | (x, y) + (0, 0) G ¥ p x F p and (x, y) ~ (x, -y) } , 

where we use the notation [g] to denote the conjugacy class of g G G, and <~ the 
relation of conjugation. The elements /i x , 6 X , K x ,y, lx, y give distinct conjugacy 
classes except for the identifications ~ given above. 

Let a, (3, and <f) be one-dimensional representations of F*, F*, and F* 2 , respec- 
tively. There are four types of irreducible representations of G. They are denoted 
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U a , V a , W a .p, and X^, with the restrictions a ^ (3 and <j> p ^ <j>. These represen- 
tations are all distinct except for the isomorphisms W a .p = Wp tCt and X^ = X$ v . 
Their values on each conjugacy class is given in the following table. 

Table 1. The character table of G = GL 2 (F p ) 





[K] 


[bx] 


[ K x,y] 


hx,y] = [7] 




a(x 2 ) 


a{x' 2 ) 


a(xy) 




v a 


pa(x 2 ) 





a(xy) 


-a(7P +1 ) 




(p+l)a(x)P(x) 


a(x)P(x) 


a(x)P(y) + a(y)P(x) 





Xj, 


(p-l)cf>(x) 


-<Kx) 





-(0( 7 ) + 0( 7 p)) 



A routine calculation using the above character table gives the following propo- 
sitions. 



Proposition 5.1. 

Proof. This is clear. 
Proposition 5.2. 

Proposition 5.3. 



C[G/G] ^ Ux 



C[G/B] s Ui 8 Vi 



□ 



C[G/N'} ^Ui® 



E V°* E 



p=l (mod 4),q=(-) 

Proposition 5.4. 



=i,"Vi 



E 



X<t,. 



^p+i=l,<^ E i 1 ^l,^p-i^l 



E 



0P+l = l,0-3-^l,0P-l^l 



□ 



qG/ivjs^e E y «® E 

p=l (mod 4),a=(j) a £ i i =lia 2^ 1 

Proof. This follows from the previous propositions as 

C[G/N'\ e C[G/B] = C[G/iV] ® C[G/G] 

by Theorem 4. 

For later reference, we note that 

(9) c/> p+1 = 1 <^=> | F x = 1 

(10) a 2 ^ = 1 a(-l) = 1. 

6. Exactness at C[G/G] and C[G/B] 

In this section, we exhibit choices for the Z[G]-modules homomorphisms occuring 
in sequence 3 which via Lemma 3.2 induce the homomorphisms of jacobians in 
Theorem 2. An analysis of the almost-exactness of this sequence of Z[G]-modules 
is performed. In particular, we reduce the property of almost-exactness to the 
calculation of certain eigenvalues. The first two terms in the sequence of Z[G]- 
modules is easily shown to be exact. 

Before starting, we state some degree of operators for later reference. 



12 



IMIN CHEN 



Lemma 6.1. 

deg(AW) = (p- l)/2 
deg(iV'iV) = (p+l)/2 

Lemma 6.2. 

deg(iVB) = 2 
deg(BAr) = p 

Lemma 6.3. 

deg(iVG) = 1 
deg(GAO =p(p+l)/2 

Lemma 6.4. 

deg(BG) = 1 
deg(GB) =p + l 

The following lemma exhibits the natural operators coming from representation 
theory which induce the homomorphisms of jacobians in Theorem 2. 

Lemma 6.5. The Z[G]-module homomorphisms 

(o-BG,<TNB,aN>N) = (BG, \G\ (1 - P r G )iVB, N'N) 

induce via Lemma 3.2 the homomorphisms (<pGB,(f>BN,(f>NN') in Theorem 2. 

Proof. This is easily checked by going through Lemma 3.2. Indeed, we have the 
following verifications. 

o-bg — 7TB* o BG(B) o tt* g 



o-nb = ttjv* o (|G| (1 - pr G )NB)(N) o n* B 

= 7T_/V % O |G| (1 - pr G )(l + UJ) O TTg 



O-N'N = 7TN>* O N'N(N') O 7T* N 

= — ^ — ° 7TN ' * ° n N 

where N'N = \J ae QaN is a disjoint union, and we have used the fact that deg(N'N) = 
2ii shown in Lemma 6.1. □ 

The above lemma together with Proposition 3.7, implies that Theorem 2 would 
follow if one can show that the sequence of Z[G]-modules 

(11) 

< Z[G/G] <-^2_ Z[G/B] Z[G/N] Z[G/N'] < 

is almost-exact. To do this, we essentially dualise the problem. The basis for this 
is given in next two lemmas. 
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Lemma 6.6. Suppose we have a sequence 

... < 1[G/Hi-i] Z[G/H t ] Z[G/H i+1 ] < ... 

together with 7L\G\-module homomorphisms n : 7L\GjHf\ — > Z[G/H i+ i], where 
kertTi-i D innTj. Then the above sequence is almost-exact i/ kcrr^-i o <7j_i D 
im <Tj o Tj with finite quotient. 

Proof. Simply note that 

kerrj_i o Gi-\ D kero-i-i D im Uj D imcrj o Tj. 

□ 

Let V be C[G]-module. We say V has multiplicity one if every irreducible compo- 
nent occurs with multiplicity at most one. If this is the case, then a C[G]-module 
homomorphism a : V — > V is given by a scalar on each irreducible component 
of V by Schur's lemma. If the irreducible component has character x, then this 
eigenvalue is given by 

Ax(ct) = W) tr(pr * oa) = W) tr(CT ° prx) 

where pr x = S 9 eG X(fl0s 1S the projector to the x-component. 

Lemma 6.7. Suppose we have a sequence of Z[G]-modules 

M <— ^ — M <— ^ — M 
w/iere ker e D im (5 and M®C /las multiplicity one. Then the quotient <I> = ker e/ im 5 
is finite if and only if A x (e ® C) = implies A x (S ® C) 7^ /or every character \ 
of an irreducible component of M . If this is the case then 

#$(M)= JJ A x (<S®C) x(1) 

(x,Xm)=1,A x («®C)^0 

Proof. To show the first part of the lemma, consider the sequence 

^ ( e®C ^ ( <5®C ^ 

where L = M (g> C. Decompose L = ® X L X , where L x is the x-componcnt of L, 
that is the direct sum of the irreducible components of L with character x- By the 
multiplicity one assumption, L x is irreducible. We use the convention that x runs 
through all irreducible characters of G so that L x can be zero for some x- 

By Schur's lemma, the C[G]-module homomorphism <5j ® C : L — > L is multipli- 
cation by a scalar A x (<5 <g> C) on each irreducible component L x . We have that 

ker e ® C = f ] L x 

(x,XM) = l,A x (e®C)=0 

im5(g)C= J]" i x - 

(X>XM)=1,A X («®C)#0 

By hypothesis, kere£g>C D imo"(g>C. However, if A x (e(g)C) = implies A x (o"®C) 7^ 0, 
then the above descriptions of ker e <g> C and im 5 (g> C show that they are in fact 
equal. 

Consider the given sequence again. Replacing the middle term by ker<5j_i, we 
have a sequence 

M <— ^ — kere <— ^ — M 
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where $(kcre) = <j>(M). However, $(kere) is simply the cokcrnel of the map of 
Z[G]-module homomorphism 5. The order of this cokernel is given by the deter- 
minant of the map S ® C (considered as a map to kere ® C = imS (g> C), which is 
easily seen to be I\( x , XM )=i,\ x (s®c)?o A x(^ ® C ) x(1) - 1=1 

Corollary 6.8. Suppose we have a sequence 

. . . < Z[G/ffi_i] Z[G/ffi] Z[G/fT i+ i] < . . . 



together with 7L\G\-module homomorphisms n : Z[G/i?j] — > Z[G/.ffj+i], w/iere 
ker(Ti_i D imtTj, and eac/i C[G/i?j] /ias multiplicity one. Put Si = (7; o r t and 
(-i = Ti+i ° If ^x( e i ® C) = implies X x (Si <g> C) 7^ /or ever?/ character \ of 

an irreducible component of C[G/Hi], then the original sequence is almost-exact at 
Z[G/Hi], and #$(Z[G/^]) = I1a x (« 4 ®C)*> A x(^ ® C ) x(1) ■ 

We wish to apply the above corollary to sequence 11 by taking the Z[G]-modulc 
homomorphisms (tgb,tbn , tjvjv) to be (GB, |G| (1 — pr G )BN, NN'). There are 
several conditions to check. 

Lemma 6.9. We have that cr^vs ° ctnn' = and a BG cat's = 0. 

Proof. Using the fact that N'B = G, we see that |G| pr G oTV'B = |G| TV'S, which 
shows that 

o-nb ° o-nn' = |G| (1 - pr G ) o N'N x NB 
= 0. 

Similarly, using the fact that NG = G, we see that |G| pr G o = |G| NG, which 
shows that 

obg o o-wb = -BG o |G| (1 - pi G )NB 

= \G\ (1 — pr G ) o NB x _BG 
= 0. 

□ 

Lemma 6.10. T/ie C[G]-modules C[G/G], C[G/B], C[G/N], C[G/N'] are of mul- 
tiplicity one. 

Proof. This lemma follows from the calculations in Section 5. □ 

To check the remaining hypotheses of Corollary 6.8, one needs to compare the 
eigenvalues of 

(12) e G = 

(13) e B = t gb o a BG = GB o BG = BG x GB 

(14) e N = t bn o a NB = |G| (1 - pr G )BN o |G| (1 - pv G )NB 

(15) = |G| 2 (1 - pr G )NB x BN 

(16) e N , = t nn , o a N , N = NN' o JV'JV = N'N x iVTV' 
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with the eigenvalues of 

(17) <5 G = a bq o t gb = BG o GB = GB x BG 

(18) 5 B = a NB o t bn = \G\ (1 - w G )NB o \G\ (1 - pv G )BN 

(19) = \G\ 2 (1 — pr G )BN x NB 

(20) Sjv = <J N 'N o t nn , = N'N o NN' = NN' x N'N 

(21) ^ = 0, 
respectively. 

The eigenvalue A X (|G| 2 (1 — pr G )) is simply if \ is the trivial character and 
\G\ 2 otherwise. Hence, we are led to calculating eigenvalues of operators of the 
form HK x KH, where H,K are subgroups of G. The following lemma gives an 
expression for such an eigenvalue. 

Lemma 6.11. Let x be an irreducible character of G and H,K subgroups of G. 
Then the trace of HK x KH on the \-component ofC[G/H] is given by 

tr x (HK x KB) = x(D^g^^^ EE^) 

11 11 keK heH 

Proof. Note that 

ti x (HK x KH) = tr(pr x oHK x KH). 

Choose a set of inequivalent representatives g\, . . . ,g n for G/H, where n = 
\G/H\. Then giH, . . . ,g n H forms a C-basis for C[G/H]. To calculate the trace of 
the map pr x oHK x KH, it suffices to compute for each i, the coefficient m of gtH 
in (pr x oHK x KH)(giH). The trace is then given by Ym=i a i- 

To begin with, we have 



P r x oHK x KH( 9i H) = (*§ £ ■ ( ^g^ff E E ^) 

' ' geG ' ' ' ' heHkeK 

X (l) deg(gif) dcg(jfg) x ^ x ^ \- „ 

= IgT ' ~W\ \kT~ E E E x(9)g*hk 9 H 

11 11 11 hen keK g eG 

where the last equality follows from the fact that pr x is a C[G]-modulc homomor- 
phism. The coefficient of giH in the above element of C[G/H] is then given by 

X(l) deg(HK) deg(KH) 



Oti = 



\G\ \H\ \K\ I^EEXW 

11 11 11 keKheH 



tr x (HK x KH) = x(l)*^ ■ EE^) 



Thus, 

tr..(HK y kh\ = vrn^i 

l#l 

as desired. □ 

Furthermore, we have that 

Lemma 6.12. Lef \ be an irreducible character of G and H,K subgroups of G. 
Then 

tv x (HK x KH) = tv x {KH x HK). 
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Proof. Since the elements hk and kh are conjugate, the result follows from compar- 
ing the expressions for tv x (HK x KH) and ti x (KH x HK) in Lemma 6.11. □ 

We now compute some eigenvalues. 

Lemma 6.13. Let \ be an irreducible character of G. Then 

'2p ifx = Ui 

X X {BN x NB) = X X (NB x BN) = 1 p 2 + p - 1 if x = V x . 

otherwise 

Proof. Note that tv x (BN x NB) = if x is n °t the character of U\ nor V\ since 
these are the only two irreducibles which occur in C[G/B] (see Lemma 5.2). 
From Lemma 6.11, we see that 



For x = Ui, this implies that 



For x = V 7 ! , we simplify a bit further and see that 

tr x (BN x NB) = x(D^f^^^ £ E® + « 

11 11 ceCbeB 

' ' ' ' fees 



Now, note that X^es = |G| (x, Is) = |G|. On the other hand, 

E^(M = E xOsJMfo]) 

fees [<?]eC(G) 

where G(G) is the set of all conjugacy classes, [g] is the conjugacy class of g € G, 
and c([g]) denotes the number of elements in Buj which lie in [g\. The quantity 
c([g]) is easily calculated to be p — 1 if [g] is non-scalar and otherwise by counting 
the number of elements in Buo with fixed trace and determinant. From the values 
of x on each conjugacy class (see section 5), we see that 

E ^M)<[9\) = ((P - 1)(P - 2)/2 - (p 2 p)/2)(p 1) = -(p - I) 2 . 

[s]ec(G) 

Thus, we have that 

^dcg{BN) dcg(NB) 
JW\ \N[ 



tr x (BN x NB) = ^ M ^ " ^ " D " (P " ^ 



and hence 



= % (P !i )22(P -i) 2 ^- 1 ^- 1 )V +P -i) 
=p(p 2 +p-i) 



\ X (BN xNB)=p 2 +p-l 

□ 
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Lemma 6.14. Let \ be an irreducible character of G. Then 

XJGB x BG) = \ X {BG x GB) = \ P+l ifx = Ul . 

I otherwise 

Proof. Note that tr x (GB x BG) = if x is not the character of Ui since C[G/G] 
is the trivial representation, (see Lemma 5.1). 
For x = Ui, we see from Lemma 6.11 that 

tr x (GB x BG) = x (l) **(f> *«(f> £ £ ^) 

= dcg(GB) dcg(BG) 
= p+ 1. 

□ 

Proposition 6.15. Sequence 11 is exact at Z[G/G] and Z[G/B]. 

Proof. Since C[G/G] is the trivial representation, we only need to check the hy- 
potheses of Corollary 6.8 for \ = U\. Indeed, \ x {ec) = and X(5g) = p+ 1 ^ 
by Lemma 6.14. Thus, by the corollary, sequence 11 is exact at Z[G/G]. 

The only irreducibles occuring in C[G/B] are U\ and V\. Now, \ x {e B ) = only 
for x — Vi by Lemma 6.14. On the other hand, X x (Sb) = A x ( | G| (1 — pr G )BN x 
NB) = \G\ 2 p 2 + p — 1 / for x = ^i so again by the corollary, sequence 11 is 
exact at Z[G/B}. □ 

Calculating the eigenvalues for N'N x NN' or NN' x N'N is more subtle. An 
indication of this can be seen by attempting to calculate the character sum 

E E W^)= E xOslMk]) 

n€Nn'£N> [ 9 ] 6( 7(G) 

by summing over conjugacy classes as we did in Lemma 6.13. Here, c([g]) denotes 
the number of elements of the form nn' which lie in [g]. It can be shown that c([g]) 
is essentially the number of points on an elliptic curve E^/¥ p which varies in a 
non-trivial way with [g]. Moreover, the Hasse bound for the number of points in 
E[ g ](¥ p ) is not sufficient to verify the hypotheses of Corollary 6.8. 

7. A DOUBLE COSET ALGEBRA 

In this section, we will describe the double coset algebra for Z[N\G/N] explicitly 
as a Z-module. This will be used later to get a handle on the operator NN' x N'N G 
Z[N\G/N]. 

Proposition 7.1. 

Z[A\G/A]=ZA® ZNa t N 

where 



o-t = 

F p = ¥ p - I 1 }; and t ^ t^ 1 if t + 0. 



i r 
i *y 
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Proof. The entries of a matrix in G will be denoted by a, b, c, d starting in the upper 
right hand corner going clockwise. 

Suppose g =e G — N is given so either ac ^ or bd ^ 0. It will be shown that 
there exist n\,ni £ N such that nign 2 is one of a t where feFj 

At the expense of multiplication on the right or left by w, we obtain a matrix 
such that ac ^ and b ^ 0. Then multiplication on the right and left respectively 

by 



1 

ac" 1 









b- 1 



for instance, yields the matrix CFadibc)- 1 - 
Lemma 7.2. 

deg(A) = 1 
deg(Aa A) = 2(;p-l) 
deg(7Va_ 1 AT) = (p - l)/2 
deg(Aa t A) = (p - 1) for t e F p - {-1,0, 1}. 

Proof. Clearly, deg(A) = 1. For g — a t where t 7^ 1 e F p , it is easy to check that 



□ 



a t ujCa t 1 n C = < 



atLoCa t 1 n wC = 



a; 
,0 




2/ G F* 



I x € F> 



if t = — 1 
if 

if t ^ 
if t = 

if i = -1 
if t ^ —1 



Hence, we have 

|AU = (P-1) 

|JV«T_X I =4(P-1) 

|A CTt | = 2(p-l) fori eF p - {-1,0,1} 
The lemma follows by the definition of degree and the fact that #A = 2(p — l) 2 . □ 

8. A RELATION BETWEEN OPERATORS 

In this section, we describe a relation between operators in Z[N\G/N] which 
allows us to obtain information about the operator AW x N'N. 

To describe this relation, it is necessary to introduce some more subgroups of G. 
Let C" and A" be the stabilisers in G of (1,-1) and {!,—!}, respectively. Then 



RELATIONS BETWEEN JACOBIANS 



19 



N" = C" U lu"C" is the normaliscr in G of C" , where 



iv = 



1 

-1 



The degrees of some operators associated to N" are given for later reference. 
Lemma 8.1. 

deg(NN") = (p- l)/2 
deg(N"N) = (p- l)/2 

We now decompose in terms of the natural basis given in Lemma 7.1 various 
operators in Z[N\G/N] which are associated to the subgroups N' , N", B, G. 

Lemma 8.2. 

NN' x N'N = ^~y~N + Na t N. 
Proof. We have that 

\ N I „^ deg(iVn'iV) 

= 1 V - iVn'iV 

8 ^ deg(iVn'iV) 

= 1 V Nc'N 

4 /^ c , deg(Nc'N) 

where that last step follows from the fact that the involution lo' of N' lies in N. 
Consider the element 



x Xy 

y x 



eC. 



If xy = 0, then Nc'N = N. Otherwise, Nc'N = N a t N where t = e F* is a 
non-square. 

It is easy to check that there are 2{jp — 1) elements d € C' such that xy = 0. 
Given i € a non-square, there are 2(p— 1) elements c' G C" such that i = x 2 /Xy 2 . 
Since NatN = Na t -iN, for (eFja non-square, there are 4(p— 1) elements c' € C' 
such that iVc'TV = Na t N if t ^ — 1 and 2(p — 1) if t = -1. The result follows from 
the calculation of degrees in Lemma 7.2. □ 



Lemma 8.3. 



NN" x N"N = ^~y~ N + 51 Na t N. 

teFj/~,(|)=i 
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Proof. We have that 



\N"\ Jr^ N „ deg(Nri'N) 



, , v „ deg(TVn"TV) 



TVn"TV 



= I V - Nc" TV 

4 J^ n deg(Nc"N) 

where that last step follows from the fact that the involution lo" of TV" lies in TV. 
Consider the element 



x y 
V x 



e C". 



If xy = 0, then Nc"N = TV. Otherwise, Nc"N = TV a t N where t = ^ £ F* is a 
non-zero square. 

It is easy to check that there are 2(p — 1) elements c" £ C" such that xy = 0. 
Given i e Fj a non-zero square, there are 2(p — 1) elements c" £ C" such that 
< = x 2 /y 2 . Since Na t N = Na t -iN, for feFja non-zero square, there are 4(p— 1) 
elements c" £ C" such that TVc"TV = Ncr t N if i ^ -1 and 2(p - 1) if t = -1. The 
result follows from the calculation of degrees in Lemma 7.2. □ 



Lemma 8.4. 



Proof. We have that 



NB x BN = 2TV + No-qN 



NB X BN= d -^^^ N u B \N b N 
\B\ ^ deg(NbN) 



Consider the clement 



\C\ ^ deg(NbN) 



x z 
y 



If z = 0, then TV&TV = TV. Otherwise, we have NbN = Na N. There arc (p - l) 2 
elements b £ B such that z = and there are (p — 1) elements b £ B such that 
z ^ 0. The result follows from the calculation of degrees in Lemma 7.2. □ 

Lemma 8.5. 



TVG x GTV = TV + ^ TVct 4 TV. 
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Proof. We have that 

\ G \ ^ deg{NgN) 
= ]N\J2 deg{NgN) N 9N 

= N+ N(J tN 

t€F£/~ 

where the last step follows from the fact that \Na t N\ = deg(Na t N) ■ \N\. The 
result follows from Lemma 7.2. □ 

The above lemmas yield the following relations. 
Proposition 8.6. We have the following relation of double coset operators 
(AT AT' x N'N + NN" x N"N) + NB x BN 

= pN + NGx GN. 

Proof. The result follows from the prccccding lemmas. □ 
Proposition 8.7. 

Na^N x Na^N = NN" x AT" AT 

Proof. We have that 

17 A7 A7 deg(A^r_i7V) v-- dcg(Na^N) A7 

Na^N x Ncr^N = ay — ' > - — - — ——Nu-\na^\N 

\ N \ deg(ATa_ina_iAO 

_ deg(Na^N) v deg(A^cr^iA r ) 
M deg(TVn'W) 

= AW" x AT'W 

where the second last step follows from the fact that a-\Na^i = N" , and the last 
step follows from the fact that 

degWcT-W) = dcg(N /r N) and | TV | = |JV"| . 

□ 

9. Eigenvalues of a double coset operator 

By the previous section, to know how AW x AT' AT acts on Z[G/N], it suffices to 
know how Na-iN acts on Z[G/N] since we know how the other operators in the 
relation act. In this section, we derive a formula for the eigenvalues of N<T-iN . 

Lemma 9.1. Let \ be an irreducible character of G. Then the trace of NaN on 
the x-component ofC[G/N] is given by 

tr x (^)=x(l)^f^E^)- 

' ' ge<?N 
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Proof. Note that 

tr x (iVcriV) = tr(pr x oiVCTiV). 

Choose a set of inequivalent representatives gi,... ,g n for G/N, where n = 
\G/N\. Then g\ N, . . . , g„N forms a C-basis for C[G/N]. To calculate the trace of 
the map pr x oNaN, it suffices to compute for each i, the coefficient on of giN in 
(pr x oNaN)(g l N). The trace is then given by 5Zi=i a i- 

To begin with, we have 

( Wx oN„N)( 9i N) = m E^)(^f^ E *™") 
1 1 g eG 1 1 nGW 

X(l) dcg(iVCTiV) v-^^ 

11 11 neN g€G 

where the last equality follows from the fact that pr x is a C[G]-module homomor- 
phism. The coefficient of giN in the above element of C[G/N] is then given by 

X (l) deg(N<jN) 



a, 



1(71 VI ^ 51 V ' //; ' 

n£iV g£G,g i n(rgN=g i N 



\G\ \N\ ^ ^ X ^ 

11 11 n£N ge tT -i n - 1 N 



X(l) deg(NaN) 
\G\ \N\ 

X(l) deg(jVaiV) 
\G\ \N\ 



\m E xo/) 



since <r N = eriV for the representatives a we take for NaN. □ 

Lemma 9.2. Lef g <E G be a non-scalar element with trace t and determinant n. 
The number of elements in a-\N which are conjugate to g is equal to 

c(fo]) = 2(l+(*^)). 

where [g] denotes the conjugacy class of g. 
Proof. The general element in u-\C 

T 1 \ fx 



1 -I) \0 Vj 

has trace t = x—y and determinant n = —2xy. Therefore, x satisfies 2x 2 — 2tx+n = 
0. Conversely, if x satisfies 2x 2 — 2tx + n = 0, then putting y = x — t yields an 
element h G er_iC with trace t and determinant n. 
The general element in o-iuuC 

i lWo i 

1 -lj ^ 

has trace t = x + y and determinant n = 2a:?/. Therefore, x also satisfies 2x 2 — 
2tx + n = 0, and conversely if a; satisfies 2x 2 — 2tx + n = 0, then putting y = t — x 
yields an element h e o-iuC with trace t and determinant n. 

The number of solutions to 2a; 2 - 2tx + n = is (1 + (*-^)) so c( 5 ) = 2(1 + 
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Proposition 9.3. Let \ be the character of W a jj where (3 — a 1 , a"^ = 1 
a 2 7^ 1 so that a(-l) = 1. Then 

tr x (Na^N) = P±l £ a(d) f^T 



2 



and Zience 



Proof. Note that x = X- We compute 

E x(.9)= E x([ 5 ])-c([.g]) 

se^-iW [<?]eC(G) 

where C(G) is the set of conjugacy classes in G. Recall the description of C(G) in 
Section 5. We first note that there are no scalars a x in cr_iiV. There are precisely 
2(1 + (-)) elements in a^\N which are conjugate to a given [b x ]. Finally, there are 

2 (i+(2_±lL)) elements in o~—\N which are conjugate to a given [ft^^]. 

From the values of x on each type of conjugacy class (see Table 1), we obtain 
that 

d 2 



E X([9])-C([g}) = 2(p-1) = «(<*)(- 
where d — y/x and d ~ d _1 . The result follows from the fact that x(l) des ^ j ^r lAr - ) = 



4(p-l)- 



□ 



Proposition 9.4. Let \ be the character of where 4> p+1 = 1, <f> P ^ ^ 1, 
(ff^ 1 ^ 1 so that 4> If x= 1- r/ien 

„2 , 



tr x (ATa_ 1 iV) = -i^0( 7 )(^±^) 

and hence 

X x {Na. l N) = -^- Y) Y J J{l) 



1 2 +1 2 



-tec 

Proof. Note that x — X- We compute 

E x0/)= E 

gea-iW [g]€C(G) 

where C{G) is the set of conjugacy classes in G. 

We first note that there are no scalars a x in a^\N . There are precisely 2(1 + 
(|)) elements in cr-iN which are conjugate to a given [b x ]. Finally, there are 

2(1 + ( 7 p 7 )) elements in c_ 1 A r which are conjugate to a given {y x ,y\- 
From the values of x on each type of conjugacy class, we obtain that 

E X([g])-c([g]) = -2j2^()( 1 ^-) 

[g]eC(G) jec \ P / 
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The result follows from the fact that y(l) dc s(^-i N ) = |. □ 

Proposition 9.5. Suppose thatp = 1 (mod 4). Let x ^ e ^ e character ofV a where 
a = (-). 2%en 



deF x '" 7ec 



and hence 



deF x v 7 v ; 7ec \ ^ / 

Proof. Note that x = X- We compute 

E X(ff)= E 
gea-iW [g]eC(G) 

where C(G) is the set of conjugacy classes in G. Recall the description of C(G) 
in Section 5. We first note that there are no scalars a x in a-\N. There are 
2(1 + ( x ) ) elements in a-\N which are conjugate to a given Finally, 

there are 2(1 + ( 7 ^ )) elements in cr_iiV which are conjugate to a given {y x ,y\- 

From the values of \ on each type of conjugacy class (see Table 1), we obtain 
that 

E x([g])-c([g}) 

[s]eC(G) 

„2 i „,2\ 

. , )' 

(x,y)&Z xF x -A/~ 

„2 ^^2N 



E a(*y).2(l + (^-); 
E ah'«)-2(l + (£±£)) 



7 ec-F p x / 
We compute each sum separately. 

E a{xy) • 2(1 + (^±^) ) = _(p - 1) . (1 + 

(z,y)6F x xF x -AA ' ' 

'1 + d 1 



+ b-i)E«w-(- 



deF x 

where d = y/x and d ~ d -1 . 

E • 2(1 + ) = -(P - 1) • a + (I ) ) 

7 eC"-F x /~ 



7 2 + 7 2 



+ E «^ p+1 ) 

The result follows from the fact that x (l) d ° s(J ^j" lJV ' ) = i^riy- □ 
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Remark 9.6. The character sum in Proposition 9.3 is an instance of a Legendre 
character sum [27]. The character sum in Proposition 9.4 is an instance of a Soto- 
Andrade sum [18] [30]. 



10. NON- VANISHING OF X X (NN' X N'N) 

We show the non- vanishing of the eigenvalues X X (NN' x N'N) for \ occuring 
in C[G/N'] which will be used in the next section to conclude that sequence 11 is 
almost-exact. 

Let x be the character of an irreducible component of C[G/N'] which is not 
trivial. By the relation in Proposition 8.6, we see that 

NN' x N'N =pN- NN" x N"N - NB x BN + NG x GN. 

Now, the eigenvalues of NB x BN and NG x GN acting on the x-component of 
C[G/N] must be zero because these C[G] -module homomorphisms factor through 
C[G/B] and C[G/G] which do not contain the irreducible representation x- Hence, 

X X {NN' x N'N) = p- X X (NN" x N"N). 

On the other hand, by the relation in Proposition 8.7, we see that 

X X (NN" x N"N) = X x (Na^N) 2 . 

Thus, to show that X x (NN' xN'N) ^Ois equivalent to showing that X^Na^N) ^ 

±Vp- 

Proposition 10.1. Let x be the character ofW a ,p where [3 — a -1 , = 1 and 

a 2 7^ 1 so that a(— 1) = 1. Then 

X x (Na^N) ? ±VP 

Proof. From Proposition 9.3, we see that A x (7Ver_i7V) e Q(Cp-i) where is a 
primitive p — 1-th root of unity. But this field does not contain Q(y/p) as p does 
not ramify in it. □ 

Proposition 10.2. Let x be the character of where <j) p+1 = 1, (f)^ ^ 1, and 
(pP- 1 ^ 1 so that (f> | F x = 1. Then 

X x (Na^N) ? ±VP 

Proof. From Proposition 9.4, we see that X x (Ncr^iN) £ Q(Cp+i) where ( p+ i is a 
primitive p + 1-th root of unity. But this field does not contain Q(y/p) as p does 
not ramify in it. □ 

Proposition 10.3. Suppose p = 1 (mod 4). Let x be the character of V a where 
a= (-)• Then 

X x (Na^N) ±^ 

Proof. From Proposition 9.5, we see that X x (Na-iN) e Q which does not contain 

±Vp- □ 
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11. Exactness at C[G/N] and C[G/N'} 

In this section, we show almost-exactness at Z[G/N] and Z[G/N'} in sequence 11 
using Corollary 6.8 and non- vanishing results of the previous section. 

Proposition 11.1. Let \ be the character of the trivial representation U\. Then 

v 2 - 1 

X X (NN' x N'N) = tr x (NN' x N'N) = f—^—. 

Proof. We could use Lemma 6.11 directly, but let's amuse ourselves and compute 
it using Lemmas 8.2 and 9.1. 

X x = ti x (NN' x N'N) 
p-1 



tr x (N) + ]T ^x(Na t N) 



2 

teFi/~,(£)=-i 

\N\ 11 ^ \N\ 11 

*eFJ/~,(i)=-i 

_ p 2 -l 

4 

where the last step follows from the fact that the sum is Ezl • (p — 1) = if 
(^)=-land%i.( P -l) + ^=(-l)!if(^)=l. □ 

Theorem 5. Let \ be the character of W a ^ a -i, X$, or Vj^ if p = 1 (mod 4) as 
in Propositions 9.3, 94, and 9.5. Then X X {NN' x AT'iV) ^"o. 

Proof. By Propositions 10.1, 10.2, 10.3, X x {Na^N) ^ ± s /p. The result then 
follows from the relations in Propositions 8.6 and 8.7. □ 

Corollary 11.2. Sequence 11 is almost-exact at 1[G/N\ and Z[G/N']. 

Proof. By Theorem 5 and Proposition 11.1, X x (e N ) = X x (NN'xN'N) = X x (N'Nx 
N'N) is non-zero for each irreducible component of C[G/N']. Thus, by Corol- 
lary 6.8, sequence 11 is almost-exact at Z[G/N']. 

By Lemma 6.13, X x {e N ) = X X (\G\ 2 (1 - pr G )7V.B x BN) = for all irreducible 
components of C[G/N] except V\. However, by Lemma 5.4, these are precisely 
the irreducible components occuring in C[G/N']. Furthermore, by Theorem 5 and 
Proposition 11.1, A x (<5at) = X X (NN' x N'N) ^ for such X - Applying Corollary 6.8 
again shows that sequence 11 is almost-exact at Z[G/N]. □ 

Combining Corollary 11.2 and Proposition 6.15, and then applying Proposi- 
tion 3.7, we obtain Theorem 2. 

12. Some numerical data 

We have computed for primes p < 19, the determinant of the map N'N x TV TV' 
on C[G/N'] and on its components U = U\, W = ® a W aM -i, X = ffi^Jf^, and 
V = if p = 1 (mod 4), using the expressions in terms of character sums 

obtained in previous sections. 

For the primes p < 13, the computation of the determinant on C[G/N'] was 
done independently by computing the matrix of N'N x NN' and then calculating 



RELATIONS BETWEEN JACOBIANS 27 

its determinant. This value coincides with the one obtained by evaluating character 
sums. 

Table 2. Determinants of N'N x NN' 



p 


\G\ 


C[G/N'} 


(7 


W 


A 


V 


3 


2 4 


3 








2 




1 




4 




5 


2 5 


3- 


5 




2 11 -3 


2 • 


3 


1 




1 


2 io 


7 


2 5 


3 2 


• 7 




2 20 . 39 


2 2 


• 3 


3 8 




2 18 




11 


2 4 


3- 


5 2 - 


11 


2 71 • 3 • 5 13 


2 • 


3 • 5 


5 12 




2 70 




13 


2 5 


3 2 


■7- 


13 


2 83 . glB . 7 


2 • 


3 • 7 


2 56 . 


gl4 


1 


2 26 


17 


2 9 


3 2 


• 17 




2 215 . 32 . 19 32 


2 3 


•3 2 


2 144 




19 32 


2 68 


19 


2 4 


3 4 


• 5 • 


19 


2 163 . 3 78 . 5 . 17 40 


2 • 


3 2 -5 


3 40. 


17 40 


2 162 . g36 





13. Conclusions 

There are several questions still remaining. First of all, it would be interesting to 
calculate in detail the homology of sequence 11 and ultimately the one in Theorem 1. 
A related but perhaps different question concerns describing a minimal value for 
the degree of the isogenies which may occur in Theorem 1 in some suitable sense. 

It would be interesting to explain the relations of double coset operators in 
Propositions 8.6 and 8.7, in particular why the normaliser of a split Cartan subgroup 
N" which is conjugate to the standard one arises. 

One might consider how Merel's conjecture generalises to other relations of ja- 
cobians. For instance, there is a variant of the relation in Theorem 1 which was 
also proved in [4] [5], and [10]. 

Theorem 6 (Chen,Edixhoven). 

Jc> x Jb 2 is isogenous over Q to Jc x Jq 2 

In this case already, it is not clear which correspondences give the desired relation 
of jacobians, as the canonical choices do not appear to work (thanks are due to 
L. Merel for pointing this out). A perhaps related problem is that the associated 
induced representations do not have multiplicity one. 
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